We studied angiogenesis using mathematical models describing the dynamics of tip cells. We reviewed the basic ideas of angiogenesis models and its numerical simulation technique to produce realistic computer graphics images of sprouting angiogenesis. We examined the classical model of Anderson-Chaplain using fundamental concepts of mass transport and chemical reaction with ECM degradation included.
| INTRODUCTION
Some of the earlier angiogenesis models and simulations described the continuous density of network vessels. This type of model lacks details in the formed network of a sprout such as tip branching and
anastomosis. An example can be taken from the work of Aubert et al. 3 They developed a partial differential system of retinal vascularization that involves the interaction of tip cell, stalk cell, and VEGF. Numerical simulation was carried out on a one-dimensional (1D) domain. Figure 2 explains how the density of tip cell, stalk cell, and VEGF are defined in a 1D model and simulation. Tip cell density is defined as the cell density of the sprout tip whereas stalk cell density is defined as the cell (PDGF-B), and so forth. 13 The purpose of the present review is to describe their basic ideas, expecting the reader to see the benefits of these studies, recognizing the core part of mathematics used in the models. The reader is expected to also become a good user or collaborator and, furthermore, ECM-binding VEGF is released with ECM degradation by MMP, which is thought to be the origin of the VEGF gradient. [16] [17] [18] In total, chemotaxis acting on the tip cell is caused by VEGF gradient, and this gradient is due to ECM degradation by MMP.
----------------------------------------------------------------------------------------------------------------------------------------------------------------------
Second, remodeling of ECM by tip cells [19] [20] [21] and also haptotaxis induced by ECM degradation by MMP 22 are observed. Finally, there is MMP upregulation inside the endothelial cell activated by VEGF fragments, 18, [23] [24] [25] particularly inside the tip cell. 22 3 | FUN DAME NTAL CONCEPTS OF
MATHEMATICAL MODELING
Here we describe two basic concepts in mathematical modeling. The first is ordinary differential equation (ODE) describing the amount balance. Supply and consumption with the rate a of the quantity u = u(t) varying with the time t, are described by
respectively, where u t ¼ du dt , while
respectively, indicate growth and decay u with rate b. The quadratic non-linearity, furthermore, is used to describe the interaction of two types of particles, as in the chemical reaction inside the solution,
This model leads to mass conservation, ½A þ ½P ¼ a and ½B þ ½P ¼ b; and, with the constants a and b determined by initial values, which is used to simplify the reaction network in a quasi-stationary state. For example, if the receptor-ligand process
is in equilibrium on the plasma membrane, the formula of MichaelisMenten holds as
where
is a constant determined by the initial value and c = l/k is the equilibrium constant.
The second concept is the gradient. Given the scalar field φ, its gradient O/ represents the vector field with the direction maximizing the growth of φ with the length of its rate. The gradient operator
O is thus defined, which leads to the divergence Oj of the vector field j. If q = q(x, t) represents the mass density varying in t, its flux
where x is an arbitrary domain, v is the outer normal unit vector, and dS is the surface element. Then the divergence formula of Gauss induces the equation of conservation,
In the diffusion equation , and so forth, as before. In the transport theory, the variation of q in time is described in accordance with the velocity of particles, denoted by v = v (x, t) and, generally, the equation in the form of
is called the transport equation, where
denotes the material derivative. Under this flow, the position x = x (t) of the particle is subject to dx dt ¼ vðx; tÞ;
and if x t denotes the region made by the particles at time t which are in x at t = 0, Liouvilles's theorem implies
Mass conservation is thus reduced to
and the relation j = qv follows, which indicates that the flux of particle density is the product of itself and its velocity.
| TIP CELL MODEL
Here we modify the classical model 4 using recent insights of cell biology and mathematical modeling. The modification is based on recent biological knowledge reviewed in the section Biological
Insights. First, tip cell is assumed to be continuously distributed and hence is represented by n = n (x,t) with x and t representing space and time variables, respectively. It is subject to diffusion and also chemotaxis by VEGF and haptotaxis caused by ECM degradation.
This process is represented by
where c = c (x, t) = c(x, t) and f ¼ f 
due to is standard, 26, 27 (page 262) but may be represented as a constant at the tissue level.
ECM density change is under the control of the tip cell, which is two-fold; that is, ECM degradation and remodeling. This process is formulated by it is reasonable to assume g to be
due to the ligand-receptor binding process, using the equilibrium constant c, which, however, may be a constant at the tissue level.
The localized VEGF attached to ECM is thought to be the origin of its gradient. This type of VEGF is destroyed by MMP which is identified with the tip cell as above. Hence, it follows that
Totally, only n is involved by the diffusion in this system, which should be provided with the boundary condition. It is reasonable to assume the null-flux condition here, but may be replaced by the Neumann zero condition as c and f can remain as constants near the boundary in a short time because they are subject to hyperbolic equations. Mathematical justification of this system is similar to several models associated with diffusion and chemotaxis. 
which yields the center difference approximation of
One may take the mean
for approximation of the first derivative on the main lattice. The other way valid to the convection equation
is the upstream difference,
with G AE i ¼ max AEG; 0 f g , where i and k represent the lattice and the time step indices, respectively. The mean for approximation of the first derivative may be replaced bŷ
using the sub-lattice denoted byx i ¼ ih; i ¼ 0; 1; Á Á Á ; N To solve the equation of conservation
numerically, we use the non-uniform time mesh combined with the uniform space mesh,
whereF x denotes the space discretization obtained by the above methods and 0 < h < 1 is a constant, so that the mixed Euler difference scheme is applied for time discretization. Writing the above scheme simply like
we apply Varga's theorem to A k . 30 It says that any irreducible, diagonally dominant square matrix A, of which diagonal entries are positive and the others are non-positive, is reversible with A
À1
composed of only positive entries. The assumption of this theorem holds to A = A k if s k is sufficiently small, with the bound calculated by the quantities at the k-step. By this adaptive mesh, the positivity and the total mass of n are maintained step by step, provided by the null-flux boundary condition. 31, 32 We obtain a similar fact for
adapting the center difference scheme for the diffusion term.
Once this mechanism of numerical stabilization is confirmed, even
forward Euler scheme h = 0 is effcient for actual numerical simulations. 33 
| SCHEME FOR HYBRID SIMULATION
Writing the above scheme as
we can regard p Introducing the above transient probabilities is a fundamental concept for hybrid simulation described below. Here, we formulate discrete total velocity. First, the velocity v m of n other than the diffusion is determined by c and f, which is regarded as the environment variables. These variables are subject to the first-order equation with the material derivative
Then, the first term on the above right-hand side is discretized by the forward Euler scheme to proceed to the next time scheme, while upwind finite difference is used for the second term. For this purpose, we define the velocity v by the formula
i ; e 1 ¼ 1; and e 2 ¼ À1. In the case of two-dimensional space, the right-hand side is composed of four terms involving the unit vectors e 1 ¼ 1; 0 ð Þ; e 2 ¼ À1; 0 ð Þ; e 3 ¼ 0; 1 ð Þ;
and e 1 ¼ 0; À1 ð Þ. In fact, we recall that h and s k represent space mesh and time mesh, respectively, and the other term on the right-hand side indicates the dimensionless quantity indicating the position of n at the next time step in probability.
The other concept of our discretization for hybrid simulation is the use of the Boolean variable to tip cell density, introduced by.
11
Thus, the variable n is localized at several lattice points, denoted by n*, and we replace n by n* in the right-hand side on the transport equations concerning the environment variables; that is, c and f. We thus end up with a closed full discrete system concerning n*, c and f.
In the simulation setting, tip cell is assigned as a single point. We set five tip cells in the beginning which are denoted as five red dots at the left boundary ( Figure 3A) . We choose initial distribution of ECM to be uniformly distributed, fðx; y; 0Þ ¼ 0:5;
( Figure 3B ) and VEGF to be gradually distributed with the form cðx; y; 0Þ ¼ e 
( Figure 3C ).
At every time step, we decide the next movement of each tip cell by using transient probability written similar to Eqn (29) . The choices of tip cell movement are to stay, to move to the left, to the right, down, or up. Formation of blood vessels is visualized by tracing tip cell movement in computer graphics. We also put in the branching and anastomosis rules. In the former, each tip cell is subject to branching with the probability subject to VEGF density denoted by c. 4 We add a new tip cell with a random choice of direction if branching occurs ( Figure 4B ). During the simulation, a tip cell can meet another tip cell or formed vessel to form loop formation. This is what we define as anastomosis in numerical process. In the case of a tip cell that meets another tip cell, we select one tip cell randomly to maintain the model-driven scheme at the next time step.
We remove a tip cell if that tip cell meets the formed vessel (see Figure 4A for detail). This definition of branching and anastomosis
can also be applied to the 3D domain of simulation. More choices of direction for tip cell migration give room for the tip cell to branch.
Remember that the rule of branching influences the occurrence of tip branching. The choice of initial distribution of ECM and VEGF, and position of tip cells at initial of simulation also affect this two
phenomenon. An example of 3D simulation was carried out by
McDougall et al. 11 They successfully discovered branching and anastomosis during the 3D simulation. At the same time step as in tip cell migration, distribution of ECM and VEGF is also updated by solving Eqn (16) and Eqn (18) numerically using Euler approximation. Velocity v is calculated using Eqn (31) . Tip cell n is valued as 1 or 0 in Eqn (16) and Eqn (18), depending on the existence of tip cell (1 is for presence).
We now show some examples of simulation results. 
